
( ~  Pergamon J. Apl£ Maths Mechs, Vol. 60, No. 4, tap, 699-701, 1996 
Copyright © 1996 Elsevier Science Lid 

Printed in Great Britain. All rights reserved 
PII: S0021-8928(96)00088-3 0021--8028/96 $24.00+0.00 

AN E X T E N S I O N  O F  HENCKY'S  THEOREM3" 

A. S. STROGANOV 

Moscow 

(Received 10 February 1995) 

An extension of Hencky's theorem is achieved by using Coulomb's plasticity condition as its physical basis. This gives relations 
between the mean normal stresses and the principal directions at the nodal points of the mesh of characteristics, which reduce 
to Hencky's theorem in the case of ideally plastic media. Copyright © 1996 Elsevier Science Ltd. 

The plastic properties of soils can be described by Coulomb's law 

I x .  I = 6~t~ (1) 
where x, is the shear stress in slip areas, 6n = H + % is the reduced normal stress, H = c/tgp is the hydrostatic 
pressure (connectedness), which is equivalent to the cohesion C, p is the angle of internal friction of the soil under 
conditions of plane deformation and on is the normal stress in the slip areas. 

Under conditions of plane strain, the components of the stress which satisfy (1) are expressed by the relations 

~x.~y = 5 ( l ± s i n p  cos2x), x~ = ~sinpsin2 X (2) 

where ~ = H + c is the reduced mean normal stress o, 6x. 6y are the components of the reduced normal stress, %y 
is a component of the shear stress and X is the angle of inclination of the principal direction to the x axis. The 
introduction of expressions (2) into the equilibrium equations for a ponderable medium (7 is the bulk (specific) 
weight of the mediutr.) gives a basic system of K6tter equations of the hyperbolic type with a system of characteristic 
equations [1] 

dy = dx tg( X :I: e) (3) 

where e = ed4 - p/2 and a system of relations along the characteristics 

do :1: 2~gp d X = ~dy :i: dx tgp) (4) 

in which the upper signs refer to the first family of characteristics (a) and the lower signs refer to the second family 
of characteristics (l~). 

Equations (3) and (4) in difference form are commonly used for the numerical solution of boundary-value 
problems by Masso'~ method. The proposed solution of the problem of the extension of Hencky's theorem which 
has been formulated required the use of a difference form of Eqs (4) for a weightless medium (7 = 0). They take 
the form 

o - oa = 26a(X - Xa) tgp (5) 

- db = -2c/b(X - ~0,) tgp (6) 

where the subscript,; a and b indicate that the corresponding quantities belong to the nodal points of a mesh of 
characteristics (see Fig. 1); Eq. (5) refers to the first family and Eq. (6) to the second family. 

In accordance with the scheme for an element of a medium which is bounded by two pairs of characteristics a 
and [~ (Fig. 1), we determine, by solving the initial characteristic problem, the values of X and 6 at the lower point 
of the "rhombus" by eliminating them from Eqs (5) and (6). We finally obtain 

Z = Ob - Oa + 2(~aXa +~bXb ) tgp 
2(aa +Oh) tgp 

(7) 

= 20aOb[ l  +(Xb - Xa) tgp] 
O a + O b 
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Fig. 1. 

To determine go and o0 at the upper point of the "rhombus", it is sufficient to interchange oa, Xa and t~, go in 
these expressions. 

On adding the resulting expressions, we obtain 

Oaga +ObXb -- -- OliO# 
X+X0=2  , 0 + %  =4  (8) 

0 a + (1' b O' a + (3" b 

which is the extended Hencky's theorem for a soil medium in plastic equilibrium. 
Substituting the values of o = H + o and H = c/tg p into relation (8) when tg p = 0, that is, for an ideally plastic 

medium, we obtain the well-known Hencky relations 

X +Zo=Za+Zb,  O + O o = % + %  (9) 

(equality of the "diagonal" sums of the mesh points of the principal directions and the sums of the mean normal 
stresses at the mesh points of the "square" formed by the characteristics). 

Relations (8) are convenient for the numerical solution of problems involving a weightless medium as well as 
for a ponderable soil medium when the first relation of (8) can be used as a first approximation when determining 
the coordinates of the nodal points of the mesh of the characteristics using the formulae 

x = x~ tg(~ - e ) -  x# tg(~/, + e ) -  y~ +D, 
tg(~a - e ) -  tg(~t, +~) 

(10) 

Y=(X-Xa)tg(xa -¢)+Ya or Y=(X-Xt,)tg(xb-¢)+Y;, 

which are obtained by solving Eqs (3) in difference form, where ~ and ~ are assumed to be equal to Xa = (Xa + 
Z)/2 and Xb = (go+ X)/2 in which X is the first approximation found using the above-mentioned relation. The values 
of o and the first approximation of X can be found using the recurrence formulae 

X= ~.b_~.a, ~= 2(~b~,a+'~aY.b)tg O (11) 

in which 

Y~a = Y[(y- y¢ ) -  (x-  xe) tgp] +~¢ (1- 2X~ tgp) 
2(Oa +Oh) tgp 

(12) 

and ~ differs from ~ in that the subscript a in the numerator is replaced by b and the signs of tg p are replaced 
by the opposite signs. These formulae are required to solve the initial characteristic problem. The coordinates of 
the mesh points (10) are then refined using the second approximation of X, while 6 is refined by means of a 
corresponding repeated calculation with which the computational process can be concluded, where the values of 
ga and go are not corrected. 
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